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Abstract 



The first part of this work deals with an extension of the formahsm of vector coherent 
states developed for degenerate Hamiltonian systems by Ali and Bagarello [J. Math. 
Phys. 46, 053518 (2005)] to the study of M fermionic level system associated with 
A'^ bosonic modes. Then follows a generalization leading to a Hamiltonian describing 
the translational motion of the center of mass of a nanoparticle, giving rise to a new 
mechanism for the electronic energy relaxation in nanocrystals which is intensively 
studied today in condensed matter physics. Finite and infinite degeneracies of these 
Hamiltonian systems are also investigated. Vector coherent states are defined and 
satisfy relevant mathematical properties of continuity, resolution of identity, temporal 
stability and action identity as stated by Gazeau and Klauder. 
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1 Introduction 



Nanoscience has exploded in the last decade, primarily as the result of the development of 
new tools that have made the characterization and manipulation of nanostructures practical, 
and also as a result of new methods for preparation of these structures. Many technological 
applications including miniaturization in microelectronics devices yield research activities on 
electronic properties of new nanoscale structure. In at least one dimension, when the size of 
an object becomes comparable to the characteristic length of an electronic quantum effect, its 
physical manifestation is modified: interference and coherence effects, quantum tunnelling, 
discrete energy level, collective effects, electronic transport, role of interactions, coupling to 
the environment must be taken into account. All these phenomena occuring in quantum elec- 
tronics lie at the heart of today scientific activities to which intense efforts are devoted due 
to their numerous applications in various domains ([I], [2] and references therein). Indeed 
the research activities of the quantum nanostructures are related to the fields of quantum 
information (quantum computers), spin electronic (spintronics), molecular electronics and 
nanophotonics. In the field of spintronics, the understanding of spin-related phenomena in 
magnetic or non-magnetic doped nanostructures is of paramount importance for using spin 
as information vector. Spin dynamics is studied in quantum confined nanostructures and 
ferromagnetic semiconductor layers by pump-probe techniques. Magnetic domain structure 
and domain wall motion are investigated in ferromagnetic semiconductors (also in supercon- 
ductors) using magneto-optical Kerr microscopy. Electronic excitations in two-dimensional 
(2D) and one-dimensional nanostructures are investigated by means of electronic Raman 
spectroscopy: collective and individual spin polarized excitations of a (2D) electron gas, 
electronic excitations in quantum wells and wires. Moreover, a new development in near- 
field imaging [3] now makes it possible to map vector fields on the nanoscale as never before. 
Lee and co-workers [1] recently reported an experimental technique that can capture and 
map the vectoriel nature of the electric fields down to the nanoscale. This could lead to im- 
portant applications in physics and biochemistry. Indeed, in-depth knowledge of the electric 
field vector on the nanoscale could help in the design of miniaturized optical components 
that may replace their electronic counterparts in the future. In addition, near-field vector 
imaging is also important in biosensing applications because the interaction between light 
and biological molecules strongly depends on the orientation of the electric field [3J. By 
extracting this information we can uncover new effects at play. 

In the context of the theory of electron-phonon dynamics in insulating nanoparticles, the 
electron-phonon dynamics in an ensemble of nearly isolated nanoparticles, the vibrational 
dynamics of nanometer-scale semiconducting and insulating are probed by localized impurity 
states ([5]). Nanoparticles are modeled there as electronic two-level systems coupled to single 
vibrational modes. 

Despite all these exciting explorations, to the best of our knowledge, not much has been 
done in the investigation of vector coherent states for nanoparticle systems. This work aims 
at filling this gap. 

Coherent states originally introduced by Schrodinger (|6]) in the context of a harmonic 
oscillator and later popularized by Glauber and Klauder for the description of coherent light 
are generally acknowledged to provide a close connection between classical and quantum 
formulations for a given system. Indeed, they are useful for the phenomenological descrip- 
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tion of a nonlinear optical environment and nonlinear interacting systems in quantum optics. 
The concept of vector coherent states (VCS) has been introduced in mathematical literature 
in fifties (see [7] and references therein) in the study of induced representations of groups, 
constructed using vector bundles over homogeneous spaces and, while in the physical litera- 
ture the idea was born with their formulation in connection with the use of the symplectic 
group for describing collective models of nuclei (|8j and references therein). Ever since, they 
have been widely used in a variety of symmetry problems in quantum mechanics in gen- 
eral, and in particular for quantum optical models (|9j, [10], [8]), as well as for the study 
of spectra of two-level atomic systems in electromagnetic fields, for instance in the famous 
Jaynes-Cummings model ([H]). In previous works, in the context of quantum optics, a new 
formulation of VCS for nonlinear spin-orbit Hamiltonian model [1] in terms of the matrix 
eigenvalue problem for generalized annihilation operators has been provided. Let us cite 
also the VCS of Gazeau-Klauder type [12], constructed for a Hamiltonian describing the 
interaction between a single mode, (a, a^) of the radiation field with the frequency uj and 2 
fermionic levels with energies ei,e2, and creation and annihilation operators cj,Cj,j = 1,2. 

This paper addresses investigations on general construction of VCS for nanoparticle sys- 
tems which are today broadly used in the domain of condensed matter physics and include 
the physical system studied in [T^] as a particular case. In section 2, VCS for the electron- 
phonon dynamics are built. Then, in section 3, we provide with a generalization of examined 
model and construct corresponding VCS. Finally we end with some concluding remarks in 
section 4. 

2 Vector coherent states for electron-phonon dynamics 

In this section, we deal with the construction of vector coherent states for the model describ- 
ing the electron-phonon dynamics. This model consists of the following Hamiltonian given 
(with ^ = 1) by 

N M N M 

1=1 j=i 1=1 1=1 

where the following commutation rules hold: 

[a^,a\] = 6ikl, {c],Ck} = ^jfcl, 

ai] = = [4, 4], {cj, Cj} = = {c], c]}, l<t,k<N,l<j,k<M, (2) 

where {oj, a|, A^i = 4ai} for each i {1 < i < N) span the ordinary Fock-Heisenberg oscillator 
algebra. 

The first term of this Hamiltonian describes the internal vibrational dynamics of a 
nanoparticle: the cjj are frequencies of the internal modes, and 4 ^^nd are the corresponding 
phonon creation and annihilation operators; the second term is the Hamiltonian for a non- 
interacting A^-level system; the third term is the ordinary leading-order interaction between 
the iV-level system and the internal vibrational modes. The constants gi{l = 1,2, ■■■ , M) are 
the electron-phonon interaction energy. This system generalizes a previous work [12J on a 
specific physical Hamiltonian of a single photon mode with the frequency uj interacting with 
a pair of fermions, for which vector coherent states of Gazeau-Klauder type have been explic- 
itly constructed, satisfying the four requirements of continuity, temporal stability, resolution 
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of the identity and action identity [13]. The same model, describing an interaction between 
a single mode, (a, a^), of the radiation field with two Fermi type modes, has been also object 
of investigation by Simon and Geller who outlined some physical aspects of the ensemble- 
averaged excited-state population dynamics of this model [5] and showed its relevance in 
the study of electron-phonon dynamics in an ensemble of nearly isolated nanoparticles ([5]), 
in the context of quantum effects in condensed matter systems. The vibrational spectrum 
of the nanoparticle is here provided by the localized electronic impurity states in doped 
nanocrystal ([11], [IS])- The impurity states can be used to probe the energy relaxation by 
phonon emission. 

The generalized Hamiltonian ([1]) considered in this work describes a nanoparticle modeled 
as a system of M Fermi types modes interacting with vibrational modes of radiation 
(phonons) with frequencies tUj,! < i < N. The eigenvector of the Hamiltonian H can be 
written as 

= $^ $2 ■ ■ ■ (g) (g) ^[k], [k] = kik2 ...kM, (3) 

where = 1,2,...,A^ and \E'[k] are respectively the bosonic and fermionic states with 
ki,k2, . . . , kM = 0, 1. For all kj,l < j < M, the eigenvalue problem can be then defined as 



' N N M 

Yl ^^"^i^i + XI XI ^^^^^^^ + + 
i=l i=l j=l 



V9 := E^, (4) 



E being the eigenenergy of the system. As a matter of appropriate analysis [12], let us 
consider the following self-adjoint operator i?[k]i2 jv given by 

1=1 ^ 

with 

[A[k],, ] = I, A[k], = a, + ^, / = 1, 2, . . . , AT, (6) 

where we have introduced the quantities and e[k] with the dimension of energy (taking 
/i = 1), defined by 

1 1 

[k]=0 [k]=0 

The operators A\^^^ are such that 

»V2£M -^^?^P^ ^ ai-a\ 
Ak],=e 'aie \ Pi = / = 1, 2, ■ ■ ■ , A^, (8) 

where for all / the commutation relation 

[au^/2Pi]=i (9) 
is satisfied. Thus, for alH, / = 1, 2, ■ ■ ■ , A^, the eigenstates \^^n}) of By^^ is of the type 



|4M).,.^«fl|„,).(^k^|4M),, (10) 
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where | = ^i- '^'|0) with the corresponding eigenvalues 



Therefore, the eigenstates of i?[k]i2 jv given by 



= u^^n, + !M _ * . (11) 




1=1 Vn^! 



(|0)® |0)®---® |0)), (12) 



ni,n2, ■ ■ ■ ,nN = 0, 1, 2, ... , associated with the eigenvalues 

N ^ I 

^£U...n. = E + - ^7fk] E - ' ^ = 1' 2' • • • ' ^' = 0' 1' 2, . . . . (13) 

Physically, [k], ki, k2, ■ ■ ■ , = 0,1 can be interpreted as the two possible arrangements 
of fermionic particles corresponding to ferromagnetism or antiferromagnetism order, i.e. 
[k] = [00 ... ... 0] corresponds to the situation where all the M spins are down while 
[k] = [11 ... 1 ... 1] in the opposite case when they are all up; the fermionic states \E'[k] cor- 
respond to spin waves, also called magnons by analogy to phonons ([IS]) which constitute 
elementary excitations of the M spin system generated by the interaction of vibrational 
modes (or bosonic modes) of frequencies Ui^i = 1,2, . . . , N, with the M fermionic levels. 
The eigenstates of this Hamiltonian are defined as the tensor product of the bosonic and 
fermionic states and can be thus written as 

A....n^ = <^>Sn....n. ® ^M, = (4)^=^(4)'=^ ■ • ■ (c])'^ ■ ■ ■ (ci)'-' ^ 00...0, (14) 

where \l/oo...o is the fermionic vacuum, with ki, k2, ■ ■ ■ , ku = 0, 1 and the associated eigenval- 
ues are produced by (fT5|) . 

2.1 Construction of the Gazeau-Klauder vector coherent states 
for the nondegenerate Hamiltonian 

We state now that the Hamiltonian H has a discrete positive spectrum and that its eigen- 
vectors span a Hilbert space i^. With [k] = kik2 - ■ ■ kju where ki, k2, ■ ■ ■ , kM = 0, 1, these 
vectors can be grouped into 2*^ families. Then = 0[k]=o^[k]) where i3[k] is the subspace 
of spanned by the vectors ip^n}n2...nN for every [k]. This subspace remains stable under the 
action of the projection operator denoted by P[k]. 

Furthermore, assume that all the ui are different, for all/, 1 < / < A^, and E^n} - E^^^ = 
ujifii and that setting 

en, =n, = , (15) 

leads to a sequence of dimensionless quantities (e„JriieN satisfying the inequalities = eo < 
ci < £2 < • • • • Given /, 1 < / < A^, we define the Gazeau-Klauder coherent states | J[k],, 7[k];) 
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where J[k], > and 7[k], G M (the variable J[k]j being generally identified with the classical 
action and 7[k]( with the conjugate angle), as follows 



ni=0 



'ni\ 



(16) 



where the vectors form the canonical basis of C^^ 



/ 1 \ 




00...0...00 



/0\ 
1 



00...0...01 



/0\ 



/0\ 





01...1...11 




1 







, ^11...!.. .11 



(17) 



V 1 / 



It is easily checked that each family of coherent states | J[k]p 7[k]()) ^ = 1,2, ... satisfies 
the properties of continuity, temporal stability, action identity and resolution of the identity. 
Then, the space sphts into subspaces iD[k]p I = 1,2, ... ,N such that i3[k] = ^[k];, 
which are associated for each bosonic mode with the frequency u>i. 
Set by definition 



iV 



T"/2 ._ TT Tni/2 



nin2---nAr[k] 



1=1 



( ^1 \ 



, 7[k] := ( 7[k]i 7[k]2 • • • 7[k];v ) > (18) 



such that 



N 



7[k]-enin2-njv[k] = ^l7[k]i + ri27[k]2 H ^ ^iV7[k]jv = ^ ^Hmi 



(19) 



i=i 



For all I , the normalization constant A/'( J[k]J is defined as 



oo jni 



ni=0 



(20) 



then A/'(J[k],)~^/^ — e~ 2 , Relatively to the vectors 



(21) 
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the multidimensional Gazeau-Klauder coherent states ([T7]) |J[k]5 7[k]) are given by 



J"i/2g-«ni7[kli 



ni=0 

oo j"Jv/2g-i?ijv7[klj^ 



n,=0 



njv=0 



(22) 



that is 



'Till 



(23) 



By setting 



N 



A/'(JM) = n-^(^MJ=e^'^^'"'^ 



(24) 



the above relation becomes 



oo jn/2g-«7[k]£[n][k] 

|J[k],7M)=Ar(J[,])-V2 5^ Jii 



n=0 



(25) 



where £[n][k] ^nin2--njv[k] 



, n! := ni\n2\ ■ ■ ■ Un^. and [n] := nin2 ■ ■ ■ n^. 
Remark; Note that in this definition, for each 1,1 = 1,2, . . . , N the variables J[k]; on the 
one hand and the variables 7[k]; on the other hand are assumed to be mutually independent. 
The vector coherent states related to the coherent states 0251) are 



[n]=o 

/ \ 





|J[k],7[k]) , (26) 




V J 

with J = dm5f(Joo-o, Joo-oi,---, Jii-i), 7 = c?m5f(7oo...o, 7oo-oi, ■ ■ ■ , 7ii-i) and where e = 

0?«a^(^[nU..o,e[n]o(,..oi,...,£[nKi...J. 

We must notice that in this representation the Hamiltonian if is a diagonal operator, 
H = diag{HoQ...o..m, i^^oo...o...oi, • • • , -f^[k], • • • , -f^ii...i...ii), each i7[k] being an infinite diagonal 
matrix with eigenvalues E^}n2...nN{ni,n2, ■ ■ ■ ,nN = 0,1,2,...), which acts on the Hilbert 
subspace Sj[k]. 

By denoting by a single indice, that is [k] = k, k = 1, 2, . . . , 2^, we rewrite these vector 
coherent states as 



°o Tn/2 -27e 

|J,7;k) = Ar(Jk)-^/^ ^^I^k) ® |$fnl)- 



fnl=0 



(27) 
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The Hamiltonian H splits into 2^^ orthogonal parts H^^. Then, we can write the following 
relation 



ki,k2,-,kM=0 [n]=0 



with 



^[ni) = l^|ni)®l*M). 



Since the lowest eigenvalue E^'^ for the component is zero for ki = k2 
we work with the Hamiltonian H' such that 



(28) 



kM = 0, 



//' = Hi,, Hi,, = Y. (<1 - '5|S;)i^S><»'!nli- 

ki,k2,--,kM=0 [n]=0 

In (|T3|) . we set, by definition, Q^, the average frequency of the bosonic modes, as 



(29) 



1=1 ^1^1 



(30) 



Then f ll3l) becomes 



N ^2 N - 

1=1 " J=l 



(31) 



The vector coherent states given in fl26l) or fl271) satisfy temporal stability, action identity 
and the resolution of the identity given by the following equations: 



iH't 



J,7;k) = |J,7 + fiivt/3n(ik;k), 



(32) 



where is the diagonal matrix with one, 1, in the kk-position and zeroes, 0, elsewhere and 
/3n = (11...1...1) stands for a line matrix with N columns. 



N 



(J,7;k|i/'|J,7;k)=^];vJ]Jk,. (33) 



1=1 



Y] / „/ , |J[k],7[k])(J[k],7[k]|Ar(J[k])(i/iB(7)rfz/(J) = /fl, (34) 

with Sj = ... fcj^^=o -^W- Recall that, diJ.B which is really a functional (not a measure), 

is referred to as the Bohr measure defined through the relations below 

W I /)«,.= lim / f{l)d{-f)= I f{-f)dfiB{l), 

{f\gU = lim ^ I W)3{l)d{l) := / W)9{l)d^iB{l), (35) 

where ( | )ns denotes the scalar product written by abuse of notation on the nonseparable 
Hilbert space S^ns (P^)? which is not an space, spanned by the vectors fx{l) = e""^, a; G M. 
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In particular, if f{x) = 1 for all x, then {fJ.B\f)ns = 1, so that fiB resembles a probability 
measure. 

The measures (iz/(J[k]) = (iz/( J[k] J(iz/( Jjk]^) ■ ■ ■rfz/(J[k];) ■ ■ ■ J[k]jv) ^-^e such that for all 
/, (iz/( J[k]J, c^i^( J[k]2)) ■ ■ ■ ) ^^i^(<^[k]i), ■ ■ ■ ) '^^('^[k]jv) defined through the moment problems 
given by 

"'I- Jo ''2- Jo '''I- Jo 

•••;^/°°'^[k].M^MJ = l' (36) 

and 

/ rfi^(J[k]i) = 1, / rfz/(J[k]J = 1, ■ ■ ■ , / rfi/(J[k]J = I,---, / (iz/(J[k]^) = 1, (37) 
Jo Jo Jo Jo 

whose solutions (ii/(J[k],) = e~''Mi(iJ[k]p / = 1, 2, . . . , A^. 

On each Hilbert subspace S)[k], one recursively gets that the following "partial resolution 
of the identity" 

/ / |J[k],7[k])(J[k],7[k]|A/'(J[k])d^ij(7[k])c^i^(J[k]) = P[k] (38) 

JM^ Jrn 

is satisfied with P[k] = ®iLi^lk\i, which means that the vectors |J[k],7[k]) constitute an 
overcomplete set of each subspace iO[k], where P[k], denotes the projection operator onto 
i^[k],. Therefore, one obtains on the Hilbert space Sj by summation over the projectors P[k] 
that 

/ / , |J[k],7[k])(J[k],7[k]|A/'(J[k])(i//B(7)rfi/(J) 

1 

= Yl ^M=h- (39) 

2.2 Construction of vector coherent states for the degenerate 
Hamiltonian 

Here we extend the preceding construction to the situation in which the eigenvalues of 
the given Hamiltonian H with discrete positive spectrum, are degenerate, these degeneracies 
being finite. As done in [12], all the required properties of the Gazeau-Klauder type coherent 
states are recovered by introducing a third parameter into the definition of the coherent 
states. Then | J, 7) is replaced by | J, 7, 9), that is in the present case \J[k], 7[k]) by \J[k], 7[k], 0)- 
For uji = u, with / = 1,2, ... ,A^, the eigenvalues Ejn}n2...nN are degenerate. Set d{n) = 
C^+N-i = ^n\lj^Ii)\ the degree of degeneracy of the nth energy level. The equations (fT3l) and 
(fT^ with n = rii + n2 + ■ ■ ■ + un become 

= a;n + e[k]-A^^ (40) 
00 

ypM^ypM = ®vl/[k], j = l,2,---,rf(n). (41) 
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We have E^"^ — E^q*^' = uon. By setting e„ = Vn > 0, it comes 

^[k] _ ^[k] 



(42) 



Then we obtain a sequence of dimensionless quantities (e„)„gN such that = eo < ei < 62 < 
63 < . . .. Then, the Hamiltonian H is given hj H = u Yl^=o Yl'f=i ^n\^^n]j) {'^^n]j\i ^ = 1- We 
introduce the parameter ^ G [0, 27r) such that the coherent states related to the Hamihonian 
H are defined ([12]) by 



|^[k],7[k],^) = e 

n=0 jr=l 



00 d{n) jn/2^_j„^j^j^_jj0 



'[k] 



'n\d{n) 



l^[k])®l<i). 



(43) 



[KJ 

The normahzation constant is defined here such that 

00 



[k] 



n=0 



(44) 



with pn = n\d{n). Then, we notice that the radius of convergence of the above series also 
depends on the degree of degeneracies d{n) of the eigenvalues. In this representation, the 
vectors \l/[k] form the canonical basis of C^^^ as noticed in (fTTl) . 
With |$M ) = |<l>fii,„_^.+i), J = 1, 2, ... , din), we write 



00 d{n) jn/2^_j„^|^j ^_jj6l 



e 2 



EE 



'[k] 



l^[k]) ® l-^-fil.n-.+l) 



n=0 



(45) 



The bosonic states I'^'^'^i n-j+i) given for some values of the number of vibrational modes 
as below: 

- = 2, for all n > 1, 



\^j-l,n-j+l/ 



(^fkl.) 



v/(j-l)!(n-j + l)! 



X 



[k]2 



\n-j+liV2^P2 



(|0)®|0)). 



(46) 



= 3, for all n > 1, the bosonic states \^fli.o,n-j+i) 1 l'^oj-i,n-i+i) \^f^i,n-j+i.o) 
are respectively given by 



^i-l,0,n-j+l/ 



1 



v/(j-l)!(n-j + l)! 



X 



with 1 < J < 

l^0,j-l,n-j+l/ 



(|0)®|0)®|0)), (47) 



v/(j-l)!(n-j + l)! 



X 



I ® (Af, 



,-1 .V2%lP2 



[k]2 



(|0)® |0)® |0)), (48) 
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with 1 < j < n + 1, 



1 



l^j-l,n-j+l,0/ TYfT ■ , i m 

v(j-i)K^-j + i)' 



"(A{^]J^'-ie^v^^^^ ® (^{k],)"'''''e^^^''' ® l] (|0) ® |0) ® |0)), (49) 
with 2 < j <n + l. 



In the sequel, as a matter of the notation simphfication, \^^j^lin-j+i) denote a bosonic 
state for all values of A^. 

The vector coherent states related to the coherent states (HSi) are defined ([12j) on the 
Hilbert space = C^"^^ where is spanned by the bosonic states l^^*!!! n-j+i) ^^^h that 



oo a^'i) jn/2 -tnj -tje 

I,.,,,, H> . EE « |*-^,„_,,.). (50) 

with J = diag{Joo...o, J00...01, • • • , </ii...i),7 = c?^«fi'(7oo...o, 7oo...oi, • • • ,7ii...i)- 
By denoting [k] = k (by a single index), we get 

00 jn/2 -m-y -ije 

where A; = 0, 1, 2, ■ ■ ■ , 2^. 

The Hamiltonian splits into 2*^ orthogonal parts ifjk] such that 

1 00 d{n) 

ki,k2,...,kM=0 n=0 j=l 



with i¥^f^i,„_,+i) = i<^>r-!i,„-,+i) ® i^m) 

Since the lowest eigenvalue Eq^^ for t 
ki = k2 = ■ ■ ■ = kj = ■ ■ ■ = ku = 0, we work with the Hamiltonian H' given by 



Since the lowest eigenvalue E^^^ for the component H\^^ of the Hamiltonian H is zero for 



1 00 d(n) 

H'= © ^M, = E - 4")l^fii,„-,-M)(^fii.„-,+il- (53) 

fci,fc2,.--,fcA/=0 n=0 j=l 

The vector coherent states (!50l) and (15T|) fulfill the temporal stability, action identity and 
resolution of the identity properties defined through the equations below 

e-'"''\J,^,6-k) = \J,-f + utdk,e;k), (54) 

where dk is the diagonal matrix with one in the A;A;-position and zeroes elsewhere. 

{J,j,9;[k]\H'\J,^,e;[k]) = uJy^y (55) 



2 ^ poo POO p27r p 

^ Yl /■■■/// \J[k],l[^,^){J[k],l'[k],0\^^{J[^)df^Bil)x 
xdediy{J) = If,, (56) 
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within = 0ii,fc2,-,fcA/=o^[k]'^'^('^) = '^J^oo...o(-''oo...o) ■ ■ ■c?i^fcifc2-fcM('^feifc2-fcA/) ■ ■ 
and dusij) = duBhoo-.o) ■ ■ ■ dfiB{lkik2-kM) " " ■ duBilu-i), with d^B defined as in ([35]). 
For every [k], the measure rfi^(J[k]) is defined through the moment problem 

^■^^.(^m)^!;;,;;,,;";;^!, (57) 

whose solutions (iz/[k](J[k]) = [d{n)e~'^i^^ — (5( J[k])]c^-^[k] are such that the "partial resolution 
of the identity" 



poo p2tt 
271". /o JO 



\J[k]nik],0){J[k]nik],0\J^iJ[k])dfiBi7[k])d9du[k]{Jik]) = P[k] (58) 



is satisfied, i.e. the overcompleteness of the vectors | J[k], 7[k], d) is guaranteed on each Hilbert 
subspace ^[k] and then on S^. Indeed, one gets the relation 



poo p2-IT 

2^ 



^0 

00 d(n) 



|^[k], 7[k], ^)(^[k], 7[k], 6'|A/'(J[k])d/iB(7[k])(i6'dz/[k](J[k 



= E E ® ® *?~l,n-,+ll = P[k], (59) 

n=0 j=l 

which yields 

1 roo poo i'2'K I* 

^ E I ' ll / ^J'^M'7[k],^)(^[k],7[k],^|A/'(J[k])rf/iij(7[k])x 



fci,A;2,---,fcM=0 

1 

xrf^d//[k](J[k]) = E ^M = h- (60) 

3 Generalized model and related vector coherent 
states 

This section addresses a method of building vector coherent states for a Hamiltonian model 
describing a nonradiative relaxation mechanism caused by the inertial coupling of an elec- 
tron to the nanoparticle's translational center-of-mass. This interaction is present because 
an electron bound to an impurity center in an oscillating nanoparticle is in an accelerat- 
ing reference frame, and, in accordance with the Einstein's equivalence principle, it feels 
a fictitious time- dependent force. Such a relaxation mechanism is operative even at zero 
temperature, owing to the fact that quantum zero-point motion of the cm. is sufficient to 
produce the fictitious force. See [IB] for more details. This study is done in the context of 
low-energy decay of a localized electronic impurity state in a macroscopic semiconductor or 
insulator in condensed matter physics. The dissipation is following by a phonon emission. 
The model consists of a single nanoparticle of mass M connected to a bulk substrate by 
a few atomic bonds. The effect of the substrate is to subject the nanoparticle to a one- 
dimensional harmonic oscillator potential V = ^MVt^X'^ with frequency f2, the X direction 
being perpendicular to the plane of the substrate. The center of mass motion is that of a 
macroscopic harmonic oscillator interacting with many other degrees of freedom, such as the 
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phonons of the bulk substrate characterized by the creation and annihilation operators b\ b. 
After a series of gauge transformations, the general Hamiltonian describing such a system, 
can be given (where h = 1) by 

N M N M 

HcM = Qb''b + ^ UJnttlan + ^ gnaa'ciCa'{an + al) 

n=l a=l n=l a,a'=l 

M 

-g ^ Xaa'clca'ib + b''). (61) 

a,a'=l 

The first term describes the harmonic dynamics of the center of mass (cm) of the nanopar- 
ticle; the nanoparticle is assumed to be constrained to move in the x direction only. Hence, 
the cm. translational motion is described by a single bosonic degree-of-freedom 

\ 2 \ MVt ) 

where X and P are the x components of the cm. position and momentum. The second 
term describes the nanoparticle's internal vibrational dynamics: the ujn are the frequencies 
of the internal modes, and a\ and a„ are the corresponding phonon creation and annihilation 
operators. These internal vibrational modes have been observed by low-frequency Raman 
scattering [19]- [20] and by femptosecond pump-probe spectroscopy [21] ■ The third term is the 
Hamiltonian for a noninteracting A^-level system. The fourth term is the ordinary leading- 
order interaction between the A^-level system and the internal vibrational modes. Here gnaa' 
is the electron-phonon coupling constant; it depends on the detailed microscopic structure 
of the nanoparticle, the nature and position of the impurity, and the spatial dependence of 
the internal vibrational modes. The fifth term describes the inertial coupling between the 
A^- level system and the center of mass motion; here Xaa' = {4'a\x\4>a') are dipole-moment 
matrix elements, which, of course, depend on the form of the impurity states. 
In addition to the commutation rules given in ([2]), one has 

[b,b^ = l, [b,b]=0=[b\b% 

[al b]=0 = [ai, b^, [4, b^ = 0= [ai, b],l<i<N. (62) 

Before all things, let us immediately clarify the terminology problems to avoid any con- 
fusion. By diagonal (resp. extra- diagonal) Hamiltonian, we always mean the Hamiltonian 
encompassing all free bosonic and fermionic contributions with only diagonal elements in 
the interaction coupling terms (resp. with only extra-diagonal elements in the interaction 
couphng terms). 

3.1 The diagonal case 

Supplementing the commutation rules given in ([2]) by the relations 

[al b]=0= [ai, bl, [al b^ = = [a^ b],l<i<N, (63) 

and setting Xaa' = ^aa' for a, a' = 1,2,...,M, the Hamiltonian flM]) can be transformed 
into a diagonal form 

N M N M 

H = nb^b + uJittjai + ^ eaclca + gac\cc,{a\ + a^) 

i=l a=l i=l a=l 
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M 



(64) 



a=l 



Let us denote by (/? = x(S)$i(S)$2®' ■ -^^Ar^^I/ik] the eigenvector of H, where [k] ~ kik2 ■ ■ ■ ku 
with /ci, k2, ■ ■ ■ , ku — 0, 1. So, for all M > 2, if there is not any zero in [k], then 



Hip 



N N M 

u,a\a, + 5Z 5Z + 9^1 + "0) + ^^^^ - Mg' 

i=i j=i 



i=l 



if. 



(65) 



In the contrary, if there exists at least one zero in [k] , then 

"TV N M 

^ iJia\ai + hjii^j + 9j{4 + (^i)) + ^^^b - ^ ^(1 - 4^.o + 4,i) 



Hip 



M 



i=l 



i=l j=l 



^ (66) 



As a matter of shortness of mathematical expression, let us also define the quantity K[k] such 
that 



K 



[k] 



M, if [k] doesn't contain any zero, 



I Z]j=i(l ~ ^kjO + Sk^i), if [k] contains at least one zero. 



By setting 5''^^ = S'Li,,) it follows that, for all [k], we readily find 

N N M 



Hp 



i^ialui + YY1 ^''i^'^^j + 9j{4 + ai)) + ilb^b - g'^ 

i=i j=i 



[k] 



i=l 



Now, let us consider the self-adjoint operator B^^^ given by 



B 



Mi 



Q b- 



9k 



[k] 



b- 



gn 



[k] 



ip. 



/2 
9 k 



[k] 



with the operator -Bjkj^j defined such that 



AT 



(67) 



(68) 



(69) 



(70) 



where 



[A[k]pA[k]J = I, Akh + ^ = 1,2,..., AT, j = 1,2,..., M. 



The operator -S[k]i2...Ar can be then written in the following manner 

N N M 



Bi 



[k]i 



1=1 i=i 



+ 



t 



/2 
fi* Kr, 



1] 



1] 



(71) 



(72) 



It evidently possesses the same eigenvector and associated eigenvalue as the Hamiltonian H. 
The latter will be deduced below according to the development performed in section 2. 
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3.1.1 The Gazeau-Klauder vector coherent states for eigenvalues with both 
nondegenerate and infinite degenerate degrees of freedom 

We are now in the situation where the given Hamiltonian H acts on a Hilbert space spanned 
by tensor products of different vectors which are eigenvectors of two Hamiltonians describing, 
respectively, the center-of-mass of the nanoparticle and the bosonic modes interacting 
with the fermionic levels. The vector coherent states associated to these Hamiltonians can 
be defined by including infinite degeneracies accordingly to [12] and furthermore satisfy as 
well the Gazeau-Klauder properties. 

According to previous computations done in Section 1, the eigenstates of the Hamiltonian 

N N M 

Hi = ^ujiajai + ^ ^(^/c^ifej + gj{a] + a,)], (73) 
1=1 1=1 j=i 

are defined by (|T2|) . The eigenstates of the operator H2 given by 

"('-4fy(*-4f)-% (^^' 

with 

= e-^v^^^6te^v^^P = 5t _ [5^ ^2^] = z, (75) 

can be given by 

\xt^) = ^e-v^^-|0), (76) 



where m = 0,1,2,.... The eigenvectors of the operator S[k]i2...jv can be then written as 
IXm ) \ ^n'}n2---nff) leading to the following expression for the eigenstates of the Hamiltonian 
H: 

where \E'[k] = (cj)''^(c2)'^^ ■ ■ ■ (4)'^^ ■ ■ ■ (cjyj)'^*^\E'oo...05 with the corresponding eigenvalues 



/ \ TV N ^ 

\ / 1=1 1=1 



(78) 



In the nondegenerate case, the eigenvalues of the operator Hi are such that, for all /, they 
engender the sequence (e„Jri;gN given in (fTSll allowing the construction of the coherent states 
l-^Mn 7[k],)) 1 < / < A^. The multidimensional coherent states |J[k],7[k])5 defined in ( 125|) . can 
be therefore constructed. 

The coherent states corresponding to the eigenvectors \xm) of the self-adjoint operator 
H2 are obtained as 

m=0 * 
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The eigenvalues of the operators Hi and if 2, in the case of nondegenerate eigenvalues of Hi, 
are 

N ^ I 

^[n] = E^'^' + ^M-*iE-' (80) 



1=1 1=1 



Et' = ^{m-'-k)^ (81) 



fi2 



respectively. The eigenvalues Em are such that 



= nS^^\ (82) 

with Sm given by 

4^'=--§^- (83) 
From the equation (!30|) . the relation (IHOl) becomes 

where 

N 2 N 

The Hamiltonians i/i and H2 are defined in the separable Hilbert space spanned by the 
vectors {\£\n])}Z[n]=o so that 

00 

Hi = ^NSiy^l,){il,\, (86) 

ni,[n]=0 
00 

H2 = ^4''lC[nl)(i![n]l- (87) 

m,[n]=0 

In this case, the eigenvalues ^n^[^ and QSm are assumed to be infinitely degenerate, with 
m = 0,l,2,...,oo and [n] = 0, 1, 2, . . . , 00 counting their degeneracies, respectively. 

As the lowest eigenvalues ^g'^' are zero only for ki = 0, i = 1, M, we simply introduce the 
following shifted Hamiltonians, obtained from Hi and H2, respectively, 

00 2 N 

Hi - fi^(^[„]-^o )lC,[n])(C,[n]l, ^0 -^-^2.-- (88) 

m,[n]=0 1=1 ' 

00 „/2 



H', = - 4"')ieiH>(Cwl. ^i''' = (89) 

m,[n]=0 

Let us now consider the separable Hilbert space S^' spanned by {|xm) ® l'^[n])}m [n]=o ^^"^ 
set = fi' ® \ the Hilbert space spanned by the vectors 

= (90) 
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As stated in [12], the vector coherent states related to Hi and H2 can be deduced on ^ as 
infinite component vector coherent states given by 

jn/2g-n[k]£[i.][,^] 00 j'm/2 

|J„,ow.Jf„.o';|nl> = |^(';'„,)^(j,_^p]V2 Z^7H!^l';i'^!l.l). (91) 

IT 7' ' \ M [k] ^ icM \ /no^ 

|Jm,7w,Jm,7;-) = [Ar(j[„)Ar(j(',j)]i/^ ViT!^ l^-w^' ^^2) 

respectively. As a matter of clarity, let us separately investigate the properties of these 
states. 

Analysis of the vector coherent states ( 1911) 

The coherent states ( l9Ti) satisfy the global normalization condition 

oo 

(J [k] , 7[k] , ^[k] , 7'; [n] I J [k] , 7[k] , ^[k] > 7'; [n]) = 1. (93) 

[n]=0 

Note that the vectors are not individually normalized. Furthermore, they fulfill the temporal 
stability, action identity and resolution of the identity properties stated, respectively, through 
the following relations 



iHLt 



J [k] , 7[k] , J[^ , 7'; [n] ) = I J [k] , 7[k] , ^[k] , 7' + [n] ) , (94) 



(J [k] , 7[k] , ^[k] , 7'; [n] I ^2 1 J[k] , 7[k] , ^[k] , 7'; [n] ) = ^ J, (95) 

[n]=0 



^ poo C C C 

H J2 „/ „ / |J[k]:7[k],J[k],7';[n])(J[k],7[k],^fk],7';[n] 



ki,k2,-,kM=0 [n]=0 ' 

X Ar(J[k])Ar( Jfk])rf^B(7 )^/^B(7)f^^(J)t^i^(4k]) = h, (96) 

with Sj = 0l,,fc2,-,fcM=o^W, dfiBil) = dfiB{loo...o)dfiB{loo...oi) ■ ■ ■ dfiBilu...!) and du{3) = 
diy{3oo...o)du{3oo...oi) ■ ■ ■ di/{3n,„i). 

The measures (iz/(J[k]) = (iz/( J[k]Jrfz^( J[k]2) ' ' ' '^^(•^[k]jv) and du^J^^T^) stem from the mo- 
ment problems given by 

/•oo roo roo 

Jrk]MJ[k])=/ J^^^MM.) Ji^MM.)--- ^[ktM^[kw) = n!, 

i/ •-'0 

(97) 



i.e, 



-1 noo 1 noo -1 noo 

— / J-^rfK ^[k] J = 1> -T / ^[ki.^K^MJ = 1> ■ ■ ■ , -7 / ^[ki^K^wJ = 1, 

"'l- Jo Jo '''I- Jo 
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•••A r JlLlMJm.) = I, (98) 

^N- Jo 

with 

POO 

/ dK^[k]J = l, ^ = l,2,...,iV, (99) 

JO 

and 

POO 

/ Jf^M^[k])="^!, (100) 

whose solutions are (iz/(J[k]J = e~ '^'''''(iJ[k]; and (^'^('/[kj) = ^"^''''^-'^[k]' respectively; these 
provide the overcompleteness of the vectors | J[k] , 7[k] , '/[kj ) I'l [n]) the subspace . Indeed, 
one gets 

^ POO r r r 

y2 / / / |J[k]'7[k],-^[k],7'; [n])(J[k],7[k],4k]>7; [n]| 
xAf{3[^])Af{J[^])dfiB{l')d^iB{7[k\)di^{J[k])di^{J[^) 

oo 
[n]=0 

yielding the relation 

^ /"OO r r r 

Yl J2 „/ „ / |J[k],7[k], J[k],7'; [n])(J[k],7[k],4k]>7; [n]| 



1 

X Ar(J[k])Ar( J[k])d/iB(7')^^/iB(7)rf'^(J)rfi^(^'k]) = = ^fl' (102) 

satisfied on S). 

Analysis of the vector coherent states ( 1921) 

The vector coherent states flU^ lead to the global normalization condition 

oo 

X](J[k]'7[k],^fk]>7';'^|J[k],7[k],^[k],7';"i) = 1 (103) 

m=0 

and satisfy the following properties 

e"'-^^*|J[k],7[k], ^'k],7';"^) = |J[k],7[k] + ^Nt(3n,J'[k],l';'m), (104) 
where /3n = (ll---l---l) stands for a line matrix with columns, 

oo 

Xl('^[k]i'7[k]p-^[k],7';'^l^(l'/[k]p7[k]p^[k],7';"^) = ^iJ^p 

oo 

H[= ^p^^n^ - 4")ieM.)(4!iJ' (105) 

g,np=0 



17 



or 



N 



( J[k] , 7[k] , J'[k] ,l';rn\H[\3[i,], 7[k] , -^fk] , V ; "t-) = ^Jv «^[k]p 

m=0 1=1 

oo 

H[= ^^(^fg-4'^)ii'![n])(i>ii' (106) 

m,[n]=0 



and 



1 oo 



Yl Y / m/ / |J[k].7[k],^[k],7';[n])(J[k],7[k],-f[k],7';[n] 



X Af{3^^^)Af{Jl^-^)dfiBhVf^B{l)diy{3)du{Jl^]) = I^. (107) 

Finally, the multidimensional vector coherent states [I7j, generated by the resulting 
Hamiltonian H = Hi + H2, can be expressed by 

l4.]'7;J[k,,7[k]) =Ar(4j)-V^^ M Ar(JM)~V2 J- JL^ ie![n,),(108) 

m=0 ^ [n]=0 

with the required properties, i.e, 

(■^[kj^y; J[k],7[k]|^[k],7'; J[k],7[k]) = 1, (109) 

e-'^^'Vikj-y; J[k],7[k]) = |J[k],7' + ^t; J[k],7[k] + ^^7vt/3„), (110) 

N 

(^[k]>7'; J[k],7[k]|^V[k],y; J[k],7[k]) = 1^ J' + f^Tv XI ^Mp (111) 

Z=l 

1 POO r r r 

Yl / / „ / M / l-^fki'V; J[k],7[k])(^[k],7'; J[k],7[k]| 

X Ar(J[k])Ar( Jfk])rf/iB(7')^^/iB(7)^^^(J)t^i^(^'k]) = h- (112) 

3.1.2 The Gazeau-Klauder vector coherent states for eigenvalues with both 
finitely and infinitely degenerate degrees of freedom 

The vector coherent states are now defined for the Hamiltonian H with eigenvalues having 
both finitely and infinitely degenerated degrees of freedom. The study will be conducted 
following the method developed in the preceding section. 
When uji = oj, for all /, the eigenvalues Em]mn2-nN become 

ESn,n,-n^ = (^^^ " ^ ^ + + e[k] - iV^, n = ni+n, + --- + nN, (113) 

and the associated eigenvectors are given by 

= Ixl!:') ® \^fli,n-,+i) ® l^[k]), J = 1,2, . . . ,rf(n), (114) 
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where the vectors \^^jli^n~j+i) defined as in ( l46i) . ( l47l) . ( l48l) and ( H9|) . As the eigenvalues 
-Em,n,?^ = rii + ^2 + ■ ■ ■ n^v, are degenerate {ui = u for all /), the degree of degeneracy 

2 

dm,n being the same as for E^'^ = un + e[k] — ^^-^7-, i-e., d{n) = C"^^_]^, it follows that 
the eigenvalues of Hi generate the sequence of the quantities (e„)neN given in ( l42l) and the 
corresponding coherent states \J[k], 7[k], are defined by fHSj) . These eigenvalues (of Hi) are 
then built as 



i?M = a;n + e[k]-iV^, (115) 



or equivalently 



by setting 



i?M = c^M, (116) 



4^] = n+^-iV% (117) 
The Hamiltonians ifi and H2 are given in the separable Hilbert space spanned by the 



vectors I^JJ^' _i as below 



00 ci{n) 

m,7i=0 j=l 
00 <i{rt) 

-^2 = ^^ira^ l'^m.7-l,n-?+l) (^m,?-l.n- j+l I " (H^) 

m,?i=0 j=l 

Consequently, by similar arguments as in the previous section, we deduce the shifted Hamil- 
tonians H[ and H2 as follows: 

00 d{n) 2 

H[ = Y.Y.-^^'n'-£t')\^^V^,n-^^^^^^^ (120) 
m,n=0 j=l 



00 d(n) /2 



-"2 ~ 2-^^''\'-'m '-'0 JlSmj-l.n-j+l/VSmJ-l.n-j+lh "--O ~ ^2 ' K^"^^) 

m,n=0 j=l 



Then, as the eigenvalues of Hi are degenerate with finite degeneracies, the vector coherent 
states can be defined on in a similar way as in (|9Tll and (l92ll . but with m = 0,l,2...,cxD 
and n = 0,1,2,.. .,00, counting the infinite degeneracies of the eigenvalues Slt'^ and Sm. 
They are explicitly expressed as follows: 

|J[k],7M,^, J„,7;n) = [Ar(Jtki)Ar(J-,j)]V2 (^^2) 



j'm/2^irrfy' oo ci(n) j"/2g-m7[k] g-Jj^ 
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As expected, the vector coherent states (I122p fulfill the good mathematical properties such 
as the normalization condition, the temporal stability, the action identity and the resolution 
of the identity, respectively, through the following relations: 

oo 

X]('^M'7[k],^, ^[k],7';'^l^[k],7[k],^, ^[k],7';'^) = 1, (124) 

n=0 

e-'^'^y^.-im^e, Jfk], Y; n) = | J[k], TW, 6', ^fk], Y + ^t; n), (125) 



X] ( -^[k] , 7[k] ,0,Jl^-^,'y';n\H!2\Jik],'j[k],6,Jli,^,j']n) = nJl^-^, (126) 

n=0 



(J[k],7[k],^, J[k],7>|A/'(^[k])Ar(Jfk])rf^B(7')^^/^B(7)^^^«?'^(^)c?'^(4]) = /f,, (127) 



with h = 0jk]=o^M, diy{J) = rf//oo...o(-^oo...o) ■ ■ ■ c^^^lk^-^lk]) ■ ■ ■ (^i^ii-i(-^ii-i) and dunh) = 
dfJ'B{loo...o) ■ ■ - dfiB{lik\) ■ ■ ■ dfiBi'Ju-i)- The measures (ii^[k](</[k]) are defined through the mo- 
ment problem given by the equation (!57|) . 

By analogy, the vectors (11231) verify the appropriate relations 

oo 

X]('^W,7[k],^, ^[k]>7';"^l^[k],7[k],^, ^[k]>7';"^) = 1, (128) 

m=0 



-iH'ti 



-^[k], 7[k], 6*, </[k]' 7; fn) = l-^Ik], 7[k] + ujt, e, J[k], 7 ; m), (129) 



'^{J[k],im,d, <^[k]>7';"^l^^(l-^[k],7[k],6', J[k],7';"^) = ^J[k], (130) 



m=0 



2^ E il I^M,7[k],^,Jfk„7» 

(^[k],7[k],6', J[k],7';'^|A/'(J[k])A/'(J[k])rf/ii?(70f^/^i?(7)^^^'^'^(<^)f^'^(<^'k]) 

= (131) 

where the measure du^J'^^) is solution of the moment problem f llOOl) . 

Here again, the Hamiltonian H = H1+H2 engenders the multidimensional vector coherent 
states 

l'^[k]>7', -^[k],7[k],6') 

n Vml n , \/nla{n) 

m=0 * n=0 j=l V V / 
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satisfying all useful mathematical properties, namely 

(-^[k] > 7, -^[k] , 7[k] , ^1 -^[k] , 7, -^[k] , 7[k] , 6*) = 1, 



(133) 



e '^'^ I ^k] > 7', -^[k] , 7[k] ,d) = \ JL] , i + ^t, J[k] , 7[k] + i^t 



(•^[k]i7'>-^[k],7[k],6'|i?V[k]>7'5<^[k],7[k],6') = ^J[^ +tu^[k], 



(134) 
(135) 



^ t 

27r ^ 



ki,k2,---,kM=0 



f Jr2m Jr Jo 




2tt 



•^fki'V, ^[k],7[k],6') 



(•^'k]>7', Jl^,l[k],0\Af{J[k])Af{J'i,])d^iB{l')dfiB{l)dedu{J)du{Jl^^ = I-^. 



3.2 The extradiagonal case 

The model is now reduced to the Hamiltonian H given by 



(136) 



N 



M 



N M 



H 



i=l 



a=l 



n=l a,a'=l 



M 



-g' ^ Xaa'ciCa'ib^ + b) , 



(137) 



where 



a,a'=l 



1, if a 7^ a' and x^a' = 0, if a = a' . 



138) 



This Hamiltonian is almost analogous to ( pill , except for the fourth term which describes 
the interaction between the M fermionic levels of the system; the internal vibrational modes 
encompass the electron-phonon coupling constants defined for fermionic operators with dif- 
ferent indices (extradiagonal case). The same remark holds for the fifth term which describes 
the inertial coupling between the M fermionic levels of the system and the center of mass of 
the nanoparticle. 

Taking into account the relations (11381) . and rearranging 



N M 



M 



a,a'=l 

' N 

^ 9iaa'i4 + ai) - g\b'^ + b) 



n=l a,a'=l 
A/ 

= E 

«,o'=l 



i=l 



(139) 



the Hamiltonian H can be rewritten in the following form 



H 



M 



Q!,« =1 



' N 

{giaa'{ci\ + ai) + i^ia\a^ + Vtb'^b - g'{b^ + b) 

i=l 



ciCa' 
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N 



M 



M 



N 



- j Uittlai + nb^b I c^Ca' + Y ^"4ca + Yl ^i^i^i + (1^0) 

a,a'=l 



,i=l 



a=l 



i=l 



Let us set 



M 



a,a'=l 



■ N 

Y {diaa'ial + ttj) + ujiala,^ + nb^b - g'{b^ + 6) 

.i=l 



(i4i; 



or, in a more expressive form in order to evidence the contributions of various interaction 
terms, 



N 



i=l 



c]ci 



+ 



M 

( \ 

M 

Y '^ii'^h 



nib-l^\ ib- 



9 \ 9 



12 



n n 



(142) 



where kji = (1 — Skji){SkjO — ^kio), the kj being the components of the multi index [k]. 
Furthermore, let eN,M be the number of couphng constants giji{j ^ I) for a fixed index i of 
a bosonic mode, and gi^^^ be the couphng constants such that 



M 



— Y dijii^jh 1 < i < AT, 



(143) 



where i is the index of a bosonic mode, [k] the multi index of a fermionic state. Then, the 
following relation can be worked out: 



2 

fj[k] ~ 



( 

M 

Yj dijll^jl 



\ 



,l<i<N. 



(144) 



The first part of Hi contains the operator B^^\ which is defined for all i and [k] as 



M 



5M = E^1'' 



i=l 
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B 



[k] 



9i 



[k] 



with the operator eigenvectors given by 



corresponding to the eigenvalues 

The eigenvectors of i?'*'' are readily obtained 



ai + 



*[k] 



[k] 



*[k] 



^ = e " 

■ rain2---n]V' 

associated to the eigenvalues 



-pi 



tV2- 



9JV,, 



N 



9t 



(145) 



(146) 



(147) 



un), (148) 



(149) 



i=l 



As the fourth and fifth terms of the interaction parts of the Hamiltonian H are not diagonal 
on a given fermionic state \E'[k] because of the presence of fermionic creation and annihilation 
operators c^^Ca'^o. ^ a') in fll37p and f ll40p . in order to solve the eigenvalue problem for if, 
we define a fermionic state ^ such that 

1 

[k']=0 

[k']^[k] 

where the [k'] are the images of [k] under the action of the fermionic operator 
/ \ 

\ J 

A straightforward computation, using the fact that the fermionic operator acts, through 
(11501) . on each given index [k] yielding a vector multiple of up to a multiplicative integer 
factor, allows the following identification 



M 



J 



5Z ""^A^^ 

3,1=1 

Then, the resolution of the eigenvalue problem for Hi provides the eigenvectors given by 



(151) 



with the associated eigenvalues defined as 



m,nin2---njv 



N 



*[k] 



i=l 



(152) 



(153) 
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3.2.1 Construction of Gazeau-Klauder vector coherent states in the nondegen- 
erate case 

With the definition (11501) , the diagonahzation of the Hamiltonian H provides the eigenvectors 
defined as 



1^) = /(P)|m)®^7(p)|[n]M)®M[k])|^[k]) 

= lxl!:i)®l<!)®M[k])|^[k]), 



fiP) 
9{p) 



N 



[k] 



[k], 



1=1 



( 



M 



+ A 



[k]- 



The operators F[k] and A[k] are given by 



M-l 



F[k] = I - A[k], A[k] = Yl ^kjkj+i: 

i=i 



the kj being the components of the multi index [k]. We have 

A 



4k] 



I, if [k] contains the same indices, 
0, if not, 



and 



^k] 



0, if [k] contains the same indices, 

1, if not. 



The associated eigenvalues are 



m,nin2---njv 



N 



Qm + ^ ujiUi + e[k] + a[k]A£^ j^^, 



(154) 



where the operators f{P),g{P) and /?-([k]) acting on the states |m) ® Ifn]'*^]) eg) |^[k]) are 
determined as follows: 



(155) 



(156) 



(157) 



(158) 



(159) 



where 



M-l 



a 



k] - 1 - n ^kjkj+i, 



N 



/2 



UJiUi 



i=l 



9_ 

n 



In the nondegenerate case, for all /, 1 < / < : 



(160) 
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- if a[k] = 1, then 



m ^'[k] p,[k] _ e[k] 9i 



N £n,m^i 



' ^0 - ITT 



(161) 



It follows that E^} — E^^ = eN,M^ini. By setting 



-ni 



ni 



pM p[k] 



(162) 



we obtain a sequence of dimensionless quantities (e^Jn^g^ such that = eo < ei < . . . . 
if a[k] = 0, we get 



We have eI^} - = cj^nj. With 



we obtain a sequence analogous to the previous. 
For each /, / = 1, 2, . . . , A^, the coherent states are defined by 

- if MM) = I, 



I^[k]p7[k],) = e 2 2^ 

n;=0 



j"-!/2g-«7[k];"i 



'nil 



l^[k])®|$S). 



if M[k])^i, 



e 2 



OO J"l/^g-n[k];"i 



vi/)®|$M). 



By using the same methods as in (fTSjl and (fT9l) . with 



we obtain analogous equations to ( l25l) . i.e., 
- if M[k]) = I, 



/ ^1 \ 



|J[k],7[k])=Ar(J[k])-^/^5^ 

fnl=0 



OO jn/2g-n[klM[n][^] 



l^[k]) 



(163) 



(164) 



(165) 



(166) 



(167) 



(168) 
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if h{[k])^l, 



|J[k],7[ki)=AA(J[k])-^/^$] 



oo Tn/2 -n[k]M[n]rk, 
^[k] ^ 



n=0 



I*) (g) I* 



(169) 



The coherent states related to the center of mass part Hamiltonian are identified as 



j'™/2g-im7' 



m=0 



[k]\ 



(170) 



Let us denote by H''"^ and H'^'^"^ the Hamiltonians describing the bosonic vibrational 
modes and the center of mass of the nanoparticle which interact with the fermionic levels, 
respectively: 



N 



i=l 



\ 



M 



N 



M 



c]ci 



i=l 



(171) 



M 



j,l=l 
1^3 



b- 



9 \ 



12 



Kjic!jCi + flb^b. 



(172) 



Let S^' be the Hilbert space spanned by {\xm) <8) |*[n])}^,[n]=o' Sj ^ Sj' C^"^ and 
S) — S^' <Si {\'^)} he the separable Hilbert spaces spanned by the vectors 



1^. 



[k] ^ 

m,[n]. 



I!:^)®l<l)®l*[ki), 



respectively. The eigenvalues are given in the nondegenerate case by 



with 



JV 



TV 



1=1 



^MQ2 



— F 



[k] 



. 1 £n,M^N "^i 

j=l ' 1=1 



(173) 
(174) 



(175) 
(176) 



(177) 
(178) 
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for the Hamiltonians ^ and H'^"^ , respectively, written in the separable Hilbert space 
spanned by the vectors such that 

oo 
m,[n]=0 

OD 

H—f = J2 ^^XU{£U- (180) 

m,[n]=0 

The corresponding shifted Hamiltonians are given by 

oo 

m,[n]=0 

oo 

H--f = y: ^(4^'-4'')ie!M)(e![n]i- (182) 



m, n =0 



The vector coherent states related to the Hamiltonians H'^ ^ and H''^'^ on i^, for the 
nondegenerate eigenvalues of can be defined as in (19T1) and (1921) by 

jn/2^-«7[k]M[n][^] oo jlm/2 

|J„.0W,Jf„.0/;|n|> = |^(';',^,)^(^;_^p]V.E^7S;;^lill«l). (183) 

f-ml'i imi oo Tn/2 -n[k]M[n],y 

|J„.7M.J„.7;m> = 1A/-(J|„)A/-(J[„)1./. E ^ l«...,[„|)- (184) 

By analogy, the vector coherent states can be constructed on ^ in the nondegenerate eigen- 
values, replacing, in the equations (11831) and f ll84p . the vectors |6m'[n]) by ICl^jn])- 

The vector coherent states fll83p fulfill the relevant properties of the normalization, tem- 
poral stability, action identity and resolution of the identity, respectively: 

oo 

5^(J[k],7[k],4k],7'; [n]|J[k],7[k],-f'k],7'; [n]) = 1, (185) 

[n]=0 



J[k],7[k],4k]>7; [n]) = |J[k],7[k],^[k],7 +^^; [n]), (186) 



E(JM'7[k], J[k],7'; [n]|i/'— /|J[k],7[k], J[k],7'; H) = f^</[k], (187) 

[n]=0 



poo err 
J2 / „ / „ / I Jlk] ' ^[k] ' ^k] > 7'; [n] ) (J [k] , 7[k] , J'lk] > 7'; [n] | 



A:i,fc2,-,fcM=0 [n]=0 >^(K+)2*^ 

X f^{3[^)XiJl^])dfiBh')dfiB{l)dij{3)du{Jl^]) = Isi, (188) 
with ^ = 0fe^,fc2,...,fcj^,=o^k, c?yUB(7) = dfiB{loo...o)dHBiloo...oi) ■ ■ ■ dfiBiln...i) and 
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du{3) = du{Joo...o)diy{3oo...oi) ■ ■ ■ rfi^(Jii...i). 

These statements can be easily proved as in the case of relations ( !93l) . ( !94l) . ( l95l) and 
The vector coherent states (11841) also satisfy the same properties as required, i.e., 

oo 

X](J[k],7[k], ^[k],7';"^|J[k],7[k], </[k],7';"i) = 1, (189) 



m=0 



J[k],7[k],^rk],7';"^) = |J[k],7[k] +^Ntpn,JL,i;nT'), (190) 



or 



Y{J[^h , 7[k], , J[k] , 7'; m\H'^ ^\J[k]i , 7[k], , ^[k] , 7'; m) = J[k], , 

m=0 

00 

H"'-f= y: - ss-'mMii^ (191) 

q,np=0 

00 Af 

X] (J W ' 7[k] , ^k] > 7'; m| //'^"^ I J[k] , 7[k] , ^k] > 7'; m) = il^v ^ ^[k], , 

m=0 Z=l 

00 

H''-^= E f^^(^S-4'')ieL'![n])(e:[n,i' (192) 

m,[n]=0 



and 



^ /»oo r r r 

J2 ,r .r |J[k],7[k],4k],7';"^)(J[k],7[k],4k],7';"l| 

X ^^{3[^^)^^{Jl^^)dtiBil')d^lBh)dui3)duiJl^^) = i^. (193) 

Note that the vector coherent states in the Hilbert space ^ can be constructed following step 
by step the above development. 

Given the above development, the multidimensional vector coherent states read through 
the general expression (11081) established in section 3.1. 

3.2.2 Construction of Gazeau-Klauder vector coherent states in the degenerate 
case 

Let us now use the formalism explicated in the section 2.1.2 to define vector coherent states 
for the Hamiltonian H when the bosonic mode term induces finite and infinite degeneracies. 

We thus deal with the case when for all/,u;; = u;, leading to the degenerate eigenvalues 
of SM, with the de gree of degeneracy d{n), corresponding to the eigenvectors given by 

lC-i,n-,+i) = fiP)\m) ® l<ffii,„-,+i) ® M[k])|vl/[k]) 

= |x|!:])®|$fii,„_,+i)®M[k])|^[k]). (194) 

In this relation, the bosonic states defined in the same way as (1461) . (1471) . 

(gHD and (gnD where the operators (v4|^j^)J'~ie'^^^S (A[^j^)"-^+ie*^^^' are replaced by the 

operators (Sj^^]^)^-^e* ^n,m"^' and (S[^]^)''-^+^e* ^iv,M-^\ respectively. 
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The associated eigenvalues are determined as 

= nm + ujn + e[k] + a^K^^M^ (195) 

with 



^^iv,M = {^N,M - l)ujn - - XI 7^ - TT. (196) 



where j = 1, 2, . . . , d{n),n = rii + n2 + ■ ■ ■ + Un- 

The vectors and |<^J5_i_„_^+i) are such that 



lel;:I,-l,n-,+l) = lxl!:^)®l<^>fil,n-,+l)®l^[k]), (197) 

= ixl!:^)®i$fii,„-,+i)®i^). (198) 



The eigenvalues E^^ and i^m' can be shortly written as 



4"' =^4"', (199) 
^M = fi6:M, (200) 



with 



/ , N 



4, I • (201) 



The suitable Hamiltonians ^ and H'^"^ f are then given on the separable Hilbert space 
spanned by the vectors by 

H''' = E E^^n"lC-l,n-.+l)(i!.-l,n-,-Ml, (202) 
m,n=0 j=l 

OO dn^rn 

H ^ = X^ ^^Iri l^m!?-l.n-7'+l) ('^m.\-l.n-7+l I ' (203) 

m,n=0 j=l 

engendering the shifted Hamiltonians H'^~^ and expressed as follows: 



OO dn.m 



H ^ — X^ X^'^(^i^ ^0 )l'^mj-l,n-j+l)('^mj-l,n-j+ll? (204) 
m,n=0 j=l 

OO dyi^ra 

H ^ = X^ X^ ^(^m^ ~ ^0 ')l^m,i--l,n-j+l)('^m,i-l,n-j+ll- (205) 
m,n=0 j=l 

It then turns out that the vector coherent states corresponding to the degenerate eigenvalues 
of the operator defined as in (11221) and (I123p . can be evaluated as 

|^[k],7[k],6', J[k],7';'^) 



' ^11/2 X] / 17/ N Mm,j-l,n-j+l)^ (206) 



[A/'(^[k])Ar( J[',j)]V2 ^/^M^ 
29 



I^[k],7[k],^, ^'k],7';"^) 

satisfying the subsequent analytic properties: 

oo 

^{J[\,],l[]<],d, J[k],l']n\Jiu]n[k],^, J[k],l'',ri) = 1, (208) 

n=Q 

e-'^'^™"'V[k],7[k],^, J[k],7» = |J[k],7[k],^, J[k],7' + fi^;n), (209) 

oo 

5^(J[k], 7[k], ^, Jfk], 7 ; ^l^"""^l^[k], 7[k], ^, J[k], 7'; = fi^k], (210) 

n=0 



(^[k],7[k],6', J[k],7';'^|A/'(J[k])A/'(J[k])d/iij(70(i/^i?(7)f^^f^'^(<^)f^'^(<^[k]) 

= /f,, (211) 



and 



X]('^W,7[k],^, </[k]>7';"^l^[k],7[k],^, ^[k]>7';"^) = 1, (212) 

m=0 



^ V[k], 7[k], ^, J'm,i; m) = I J[k], 7[k] + ujt, e, J[k], 7'; m), (213) 



^(-^^,7^,6*, ^fkj'Vs'^l'f^'^ ^|-^[k],7[k],^, ^'k],7';"^) =^^[k], (214) 

m=0 

1 00 /»oo f f f r^'^ 

^ E E/ a I^M,7[k,,^,Jfk„y;m) 

(^[k],7[k],^, J[k],7^?^|A/'(J[k])A/'(J[k])rf/iij(70'^^B(7)'^^'t^'^(-^)f^'^(<^[k]) 

= /fl- (215) 

The vector coherent states on ^, spanned by the vectors \^'m]^i,n-j+i) ^ can be constructed in 
analogous way, simply replacing, in the equations fl206p and fl207p . the vectors \^mj-i,n-j+i) 

The expression fll32p remains valid for the multidimensional vector coherent states com- 
puted for the extra-diagonal Hamiltonian H. 
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3.3 The general case of the total interaction Hamiltonian encom- 
passing both diagonal and extra-diagonal terms 

We now generalize our study to the full interaction Hamiltonian H given by 

H = Hi + H2, (216) 

where Hi and H2 are such that 

N M N M M 



Hi = -b^b + ^a\ai + eaC^Ca + 9acica{a\ + a^) - 4ca(6^ + 6), 



i=l 

N 



0=1 

M 



i=l a=l 

M 



a=l 



H2 = ^b^b + J2 y + ^Y1 + 



i=l 



a=l 



a,a'=l 



N 



Y 9iaa'{al + tti) - g'{b^ + b) 



.1=1 



(217) 



The Hamiltonian H thus combines two different contributions describing the dynamics of the 
translational motion of the center of mass in the diagonal case (identified by same indices for 
the fermionic operators investigated in section 2.1) for the Hi term and in the extradiagonal 
case (referred to different indices for the fermionic operators examined in 2.2) for the H2 
part, respectively. 

As now well performed from section 2.2, the Hamiltonian H2 can be written in the 
following form: 



M 



«2= E 



a,a'=l 



[giaa'iA + ai) + yajai) + -6^6 - g'{b^ + b) 

.1=1 



\i=i / , , »=i 



(218) 



from which we can deduce the boson-fermion and center of mass-fermion interaction contri- 
bution terms 



N 



Hint — 



i=l 



M 



( 



c]ci 



+ 



b- 



21 



b- 



2g'\ 2g 



fl 



12 



\ 



M 



Y '^iA'^i 



(219) 
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The first term block contains the operator 5^ given by 

M 



M 

[k] 

i 5 



Sfl = ^^ a. + ^^ a. + ^^]--^, (220) 



with the previous defined quantities hjuSn^m and constants of couphng (^jj^^j and gf^^^. 
The operator sj''^ eigenvalues eI^} defined as 

^[k] ^ SNM^i^i _ ^^'^[k] ^221) 

correspond to the eigenvectors 

= e''^^^''>i). (222) 

3.3.1 Gazeau-Klauder vector coherent states in the nondegenerate case 

According to the computations performed in the section 2.2, we infer that the nondegenerate 
eigenvalues of the Hamiltonian Hi are 

-5„,.-(^-^)H-t(l^-^)-^f. (-3) 

associated with eigenvectors 

= e"*^^^|m)® (9)e'^'^^ (|ni)®---®|n,v))®|^[k]). (224) 



In the same way, the nondegenerate eigenvalues of H2 can be defined as 

AT 



^m,[n]2 = ^ + 2^^ + ^ + «[k]^.^,«> (225) 



2 2 



where 



M-l 



a 



[k] 



1 - n 



A„„„ = f f(..,„-l)^--^U^. (226) 



i=l 



Then, the H2 eigenvectors defined with similar operators as defined in (11551) acting on the 
states |m) ® I [n]M)2 ® l^&fk]), are given by 

l4'![n])2 = /(P)|m)®^(p)|[n]M)2®M[k])|^M) 

= lxl!:l)®l*[3)2®M[k])|^M), (227) 
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with 



f{P) = F[k]e-^^*^ + A 



[k], 



N 2g 



V2 



■Pi 



g{p) = F[k] I 09 e ' '^.M-^ 
\i=i 

I \ 



A 



M 



J2 Hjic]ci + 1 



[k], 



+ A[k], 



(228) 



/ 



where the operators F[k] and A[k] are defined in (11561) . 

Thus, the eigenvectors of H, denoted by |^|^'[n]), are easily found to be 



I^L![n]) ~ I^L![n])l ® l'^L![n])2 5 



with the associated eigenvalues 



m,[n\ m,[n\i m,[nj2 



(229) 



(230) 



The bosonic modes and the center of mass of the nanoparticle interact with the fermionic 
levels through two Hamiltonians defined by 



N N M 



i=l 1=1 j=l 



N 



i=l 



M 



Y \gijiKji{a\ + ai) + ^a\aiKji 



c]ci 



(231) 



cm—f 



b^b + 



2v n \ n n 



\ 



A/ 



Cl 



2 I n 



[k] 



(232) 



respectively. 

Let ^1 and 9)2 be the separable Hilbert spaces, spanned by the vectors {|Cm'[n])i}m [n]=o 
and {|'^m'[n])2}m,[n]=o' respectively. Set = Sj2- On S), the Hamiltonians Hb_f and 
Hcm-f are written as 

oo 

Hb-f = Y ^^^l-/li![n])(^m![n]l' 
m,[n]=0 
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= Y: ^^^:ll/IC![nl)(C![n]l, (233) 
m,[n]=0 



with the quantities S^j: and ^cm-/ given by 



iV / N cy 2 



[k] 



,/2 



^^-/ = = (234) 



Since the lowest energy levels S^^^^ and ^^cm-/o ^'^^ ^^'^^ /cj = for i = 1, M, we deduce 
the shifted Hamiltonians 

00 

m,[n]=0 

00 

H'cm-f = XI ^(^cm-/ ~ ^cm-/o)l^m,[n])(C[n]l (235) 
m,[n]=0 

useful for constructing vector coherent states whose general expressions are given in section 
2.2.1. 

3.3.2 Gaizeau-Klauder vector coherent states in the degenerate case 

The eigenvalues of the Hamiltonian Hi are defined by 



m,ni 



corresponding to the eigenvectors 

|C£-l,n-,-+l)l = ® l*fil,n-,-+l)l ® l*[k]), (237) 

while for the Hamiltonian H2 they take the following form 

EtU = \{^rn + ujn + e[k]) + «[k]A,^,^, (238) 

where 



N 



12 



' 1=1 

with the associated eigenvectors 

-i+i)2 = iXmV ^ i^j-i,„-j+i/2 ^ AHm;i^[k]/ 

Therefore, the eigenvectors of the Hamiltonian H can be expressed as given by 

\irn]j-l,n-j+l) ~ l^mj-l,n-j+l)l ® \^m,j-l,n-j+l)^J (241) 



li\-l,n-,+l)2 = \xt^) ® l<^'S'il,n-,+l)2 ® /^(M) | ^[k]) • (240) 
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associated with the eigenvalues 

E^Sn = E^^L + E^^L- (242) 

The Hamiltonians H^^f and Hcm-f are given in the Hilbert space, spanned by the vectors 
by the equations 

TT _ \^ \^ ,C'[k] |t[k] W|^[k] I 

^b-f — / ^ '^'--fe-/-|Sm,?-l.n-7'+l/\l'^m.7-l,n-7+ll' 

m,n=0 j=l 

OO (in,m 

Hcm-f = ^^^^}rn-f\^m]j-l,n~j+l){\^rn,j-l,n-j+l\^ (243) 

m,n=0 j=l 

where the quantities and S'fj-^^f are defined by the relations 

p[k] _ p/[k] _ _ '^■^>^[k] _ £g_ 



The physically adequate shifted Hamiltonians H'^_j and -f^cm-/ then take the form 



OO dn^m 



b-f — 2-^ 2-^^\'--h-f ^6-/o/l^m,j-l,n-i+l/\Sm,i-l,n-j+lh 
m,n=0 j=l 

OO dn.m 

I, (245) 

m,n=0 j=l 

allowing to build corresponding vector coherent states. See their general expressions and 
properties in section 3.1. 



4 Conclunding remarks 

In this work, we have studied in detail all relevant physical Hamiltonians considered in quan- 
tum optics and condensed matter physics to describe the nanoparticle dynamics in terms of a 
system of interacting bosons and fermions. For these systems, we have built vector coherent 
states that well satisfy required mathematical properties of continuity, temporal stability, 
resolution of the identity and action identity as postulated by Gazeau and Klauder. A gen- 
eralization to multidimensional vector coherent states for the nondegenerate Hamiltonians 
has been also introduced. A more general Hamiltonian which is relevant for the study of a 
new mechanism for electronic energy relaxation in nanocrystals introduced by Yang et al. 
[18j . manifesting finite and infinite degeneracies, has been also treated. 

Particular features are expected from similar analysis as one done here when the ordinary 
Fock-Heisenberg oscillator algebra is replaced by the Jannussis et al. ([22])and Man'ko et 
al ([22]) /-deformed oscillator algebra. The latter is spanned by the generators {a,a\N} 
coupled to a well defined function / of the number operator A^, such that 

A- = af{N), = f{N)a\ N = A^A' = Nf\N), [A',A^ = {AT + 1} - {AT}. (246) 

This will be in the core of a forthcoming paper. 
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